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Abstract
We study the conformally invariant quantum field theory in spaces of even
dimension D ≥ 4. The conformal transformations of current jµ and energy-
momentum tensor Tµν are examined. It is shown that the set of conformal
transformations of particular kind corresponds to the canonical (unlike anoma-
lous) dimensions lj = D− 1 and lT = D of those fields. These transformations
cannot be derived by a smooth transiton from anomalous dimensions. The
structure of representations of the conformal group, which correspond to these
canonical dimensions, is analyzed, and new expressions for the propagators
〈jµjν〉 and 〈TµνTρσ〉 are derived. The latter expressions have integrable singu-
larities. It is shown that both propagators satisfy non-trivial Ward identities.
The higher Green functions of the fields jµ and Tµν are considered. The confor-
mal QED and linear conformal gravity are discussed. We obtain the expressions
for invariant propagators of electromagnetic and gravitational fields. The inte-
grations over internal photon and graviton lines are performed. The integrals
are shown to be conformally invariant and convergent, provided that the new
expressions for the propagators are used.
1
1 Introduction
A family of exactly solvable conformal models in D dimensions is studied in [1–5].
Notwithstanding that the conformal group in D ≥ 3 is finite-parametric, these models
are in many respects similar to two-dimensional conformal theories, and coincide in
D = 2 with minimal models [6–8]. The approach presented in [1–2] is based on
conformally invariant [3] Ward identities for the conserved current jµ and the energy-
momentum tensor Tµν . In D-dimensional case the latter fields have the canonical
dimensions
lj = D − 1, lT = D. (1.1)
The conformal symmetry is supposed to be exact, and the energy-momentum tensor
to be traceless: Tµν = 0.
The conformally invariant propagators
〈 jµ(x1)jν(x2) 〉, 〈 Tµν(x1)Tρσ(x2) 〉 (1.2)
are known to be ill-defined for even D ≥ 4 due to formally non-integrable factors
(x212)
−D+1, (x212)
−D. This leads to substantial difficulties when one attempts to include
gauge interactions in a conformally-invariant fashion. It is one of the lasting problems
in D ≥ 4 conformal theory. The present article is aimed to impart a detailed analysis
and the solution of this problem1.
We shall show that for even D ≥ 4 the conformally invariant propagators 1.2
satisfy non-trivial Ward identities regardlessly to the choice of regularization for their
transversal parts. The r.h. sides of the Ward identities are non-zero due to contri-
butions of equal-time commutators between the components of current and energy-
momentum tensor. In conformal theory, each commutator is expressed through the
central charge Cj or CT .
As shown in [1] (see also [2,3]), the D-dimensional analogues of the central charge
may be c-number or, as well, operator valued. They arise in operator product expan-
sions
jµ(x)jν(0) = [Cj] + [Pj(x)] + . . . ,
Tµν(x)Tρσ(0) = [CT ] + [PT (x)] + . . . ,
where Pj(x) and PT (x) are the scalar conformal fields of the dimension
djP = d
T
P = D − 2.
The operator analogues of the central charge, the fields Pj(x) and PT (x), contribute
to the Ward identities for higher Green functions 〈jµjν . . .〉 and 〈TµνTρσ . . .〉, see [3]
for more details.
1We stress that the conformal symmetry remains exact in this approach. Another approach was
discussed lately in [9,10]. These works assume a special redefinition of conformal propagators 1.2
which breaks the conformal symmetry. The power factors are replaced by regularized expressions.
After that, the breakdown of the symmetry is shown to result in conformal anomalies. Note that
such effects might also be considered in our approach, if the symmetry were to be broken. However,
it falls beyond the focus of our discussion.
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The propagators 1.2, as well as higher Green functions, may be chosen to have no
longitudinal parts. Let us remind that the expectation values of T -ordered products
of the fields are defined modulo quasilocal terms. One may employ this arbitrariness
to pass to transversal propagators. However, such a redefinition of the propagators
breaks the conformal symmetry. In the section 2 we show that longitudinal parts of
Euclidean propagators are uniquely fixed by conformal symmetry.
As an example, let us start with two-dimensional conformal models. The problems
due to divergencies are absent in this case. Still, the Ward identities are non-trivial,
as in the case of D ≥ 4. The conformally invariant propagator of the current
〈jµ(x)jν(0)〉|D=2 = −
1
8π
Cj
(
δµν − 2
xµxν
x2
)
1
x2
= −
1
4π
Cj∂µ∂ν ln x
2 (1.3)
satisfies the following Ward identity:
∂µ〈 jµ(x)jν(0) 〉 = Cj∂νδ(x). (1.4)
Consider the traceless energy-momentum tensor. The conformally invariant propa-
gator
〈Tµν(x)Tρσ(0)〉|D=2 =
1
8π
CT [gµρ(x)gνσ(x) + gµσ(x)gνρ(x)− δµνδρσ]
1
(x2)2+ǫ
∣∣∣∣∣
ǫ=0
,
(1.5)
where gµν(x) = δµν − 2
xµxν
x2
, is finite when ǫ→ 0. Using the identity for D = 2
δµρ∂ν∂σ + δµσ∂ν∂ρ + δνρ∂µ∂σ + δνσ∂µ∂ρ
= 2 (δµν∂ρ∂σ + δρσ∂µ∂ν) + (δµρδνσ + δµσδνρ − δµνδρσ)✷, (1.6)
one can bring it to the form
〈Tµν(x)Tρσ(0)〉|D=2 = −
CT
24
[
(
∂µ∂ν −
1
2
δµν✷
)(
∂ρ∂σ −
1
2
δρσ✷
)
−
1
8
(δµρδνσ + δµσδνρ − δµνδρσ)✷
2]
1
✷
δ(x), (1.7)
where 1
✷
δ(x) = − 1
4π
ln x2. The Ward identity may be derived directly from 1.5, con-
ducting the calculations for ǫ 6= 0 and then passing to the limit [11] limǫ=0
[
ǫ 1
(x2)1+ǫ
]
=
πδ(x). As the result one obtains
∂ν 〈Tµν(x)Tρσ(0)|D=2 = −
CT
24
[∂µ∂ρ∂σ −
1
4
(δµρ∂σ + δµσ∂ρ)✷
−
1
4
δρσ∂µ✷]δ(x). (1.8)
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This equation is a particular case of the Ward identity to be found in the next section
for the case of any even D. Passing in 1.5, 1.8 to complex variables
x± = x1 ± ix2, ∂± =
1
2
(∂1 ∓ i∂2) , x
+ → z, x− → z¯, ∂+ → ∂z, ∂− → ∂z¯
Tzz ∼
1
2
(T11 − T22 − iT12 − iT21), Tzz¯ ∼
1
2
(T11 + T22),
we find well-known results
〈Tzz(z)Tzz(0) =
1
6
πCT (∂z)
4(∂z∂z¯)
−1δ(2)(z, z¯) ∼
1
z4
,
∂z¯〈Tzz(z)Tzz(0) =
πCT
6
(∂z)
3δ(2)(z, z¯).
The conformally invariant expression 1.7 differs from the transversal propagator
∼ (∂µ∂ν − δµν✷)(∂ρ∂σ − δρσ✷) ln x
2 (1.9)
by quasilocal terms. These terms are present in 1.7 and may be eliminated by a
redefinition of the T -ordered product of Tµν components. However the latter will
lead to a breakdown of conformal invariance, and to non-zero trace of the energy-
momentum tensor.
The expression for the propagator 〈TT 〉 for D > 2 results from 1.5 after the
change (x2)−2−ǫ → (x2)−D−ǫ. It is divergent in the limit ǫ→ 0 for even D ≥ 4, since
(x2)−D−ǫ
∣∣∣
ǫ→0
∼ (1/ǫ)✷D/2δ(x). Similarly, the expression for the propagator 〈jj〉 for
D > 2 results from 1.3 after the change (x2)−1 → (x2)−D+1+ǫ, and also diverges in the
limit ǫ→ 0. Note that in two-dimensional case these divergences are cancelled; it can
be seen from the differential representations 1.9,1.5. We shall show in sections 3–5 that
for D ≥ 4 the latter divergences are formal and contribute neither to Feynman graphs
nor to any other contractions available in conformal theory. The presence of the above
divergences is caused by peculiar properties of conformal transformations for the fields
of dimensions 1.1. We shall demonstrate that the conformal transformations of the
fields, as well as invariant averages of the fields with anomalous dimensions
l = lj + ǫ, l = lT + ǫ, (1.10)
can not be analytically continued to the values at ǫ = 0 because the representations of
the conformal group have singular properties at these points. These representations
belong to a series of exceptional integer points [12,13] and must be reconstructed
completely. This is done in sections 3,4. Conformal transformations of the fields
jµ, Tµν for ǫ = 0 will be shown to have different structures in longitudinal and
transversal sectors. Correspondingly, the two types of invariant kernels contributing
to the propagators 1.2 will be shown to exist. The latter leads to a specific structure of
the conformal fields jµ(x) and Tµν(x). Two mutually orthogonal sectors of the Hilbert
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space, having different physical meanings [1,2] (see also Sec.6), correspond to each of
these fields. The elements of the first sector are the equivalence classes, each including
a whole set of states. The transformations inside an equivalence class do not alter
physical results. We shall show that the above divergences may be eliminated using
the transformations inside equivalence classes and hence do not effect the results, see
Sec. 3,4.
In sections 5,6 the conformal QED and the linear conformal gravity are considered.
The problem of how to single out the contribution due to gauge interactions into the
conformally invariant Gauge functions
〈 jµ . . . 〉, 〈 Tµν . . . 〉, (1.11)
where dots stand for any set of fields, will also be discussed. The above Green func-
tions can be found [1,2] from Ward identities up to transversal conformal parts solely
caused by gauge interactions. The framework developed here allows to single out
this contribution uniquely, see also [4,5]. The Green functions 1.11 are calculated
from Ward identities, their remaining parts describe a theory of direct (non-gauge)
interaction. As a result, in a theory without gauge interactions the Green functions
1.11 are uniquely determined by Ward identities. In our opinion, this result appears
to be sufficiently promising, since it allows one to derive [1,2] the D-dimensional ana-
logues of minimal models. The additional conditions imposed on the functions 1.11,
which ensure the absence of contributions due to gauge interactions, as well as the
number of models in D > 2 and the transition to D = 2 theory in this approach, are
dealt with in [4,5]. Here we present a more detailed justification of these conditions
(section 6).
Let us remark that for the sake of completeness the section 3 contains a brief
description of representations of the conformal group in integer points, to the length
required for understanding the sections 4–6. At the first reading, section 3 may
be skipped. A comprehensive analysis of representations regarding conformal gauge
theories is given in [1] (see also [14–17]).
2 Ward Identities for the Propagators 〈jµjν〉 and
〈TµνTρσ〉
2.1 Longitudinal Part of the Propagator of the Current
Let jlµ(x) be a conformal quantum field of anomalous dimension l in D-dimensional
Euclidean space. The transformation of conformal inversion
xµ → Rxµ =
xµ
x2
(2.1)
induces the following transformation of the field jlµ:
jlµ(x)
R
−→
1
(x2)l
gµν(x)jν(Rx), (2.2)
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where
gµν(x) = δµν − 2
xµxν
x2
. (2.3)
The invariant propagator is determined from the condition
〈 jlµ(x1)j
l
ν(x2) 〉 =
1
(x21)
l
1
(x22)
l
gµρ(x1)gνσ(x2)〈 jρ(Rx1)jσ(Rx2) 〉. (2.4)
The solution has the form
〈 jlµ(x1)j
l
ν(x2) 〉 =
C˜j
(x212)
l
gµν(x12), (2.5)
where C˜j is some constant.
Consider the behaviour of this propagator near the canonical dimension point
l = lj + ǫ = D − 1 + ǫ. (2.6)
All its contractions of the type
∫
dx1 dx2A
D−l
µ (x1)〈j
l
µ(x1)j
l
ν(x2)〉A
D−l
ν (x2)
∣∣∣∣
ǫ→0
, (2.7)
where AD−lµ is a conformal field of dimension D− l, diverge in the limit of ǫ = 0. The
term leading in ǫ is calculated using the relations [11]
1
(x2)D/2+k+ǫ
∣∣∣∣∣
ǫ→0
≃
1
ǫ
πD/24−k
Γ
(
D
2
+ k
)
Γ (k + 1)
✷
kδ(x). (2.8)
Let us rewrite the propagator as
∆ǫµν(x12) = 〈j
l
µ(x1)j
l
ν(x2)〉 =
C˜j
2(D − 1 + ǫ)(D − 2 + ǫ)
×
[
(δµν✷− ∂µ∂ν)
1
(x212)
D−2+ǫ
−
ǫ
D − 2 + 2ǫ
δµν✷
1
(x212)
D−2+ǫ
]
. (2.9)
Hence it is clear that the divergent part of the propagator is transversal.
Note that in the limit ǫ = 0 the field AD−lµ coincides with the electromagnetic
field. A conformally invariant regularization (lA = 1→ l
ǫ
A = 1− ǫ) of the field Aµ(x)
will be treated in section 5. The contractions 2.7 in the longitudinal sector
Alongµ (x)
∣∣∣
ǫ=0
= ∂µϕ, A
tr
µ (x)
∣∣∣
ǫ=0
= 0 (2.10)
are finite in virtue of 2.9. As will be shown in sections 4,5, a new expression for
the propagator 〈jµjν〉 appears in the transversal sector, while the kernel 2.9 may
participate in the longitudinal sector only. Below in this section we consider a theory
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without electromagnetic interaction. By definition, only the contractions 2.7 with
longitudinal fields 2.10∫
dx1 dx2A
long
µ (x1)∆
ǫ
µν(x12)A
long
ν (x2)
∣∣∣∣
ǫ=0
(2.11)
are present in that theory. These contractions are transversal because the divergent
part of the kernel 2.9 does not contribute to them.
Consider a Ward identity for the propagator 〈jµjν〉. Define the l.h.s. of the identity
by the relation
∂µ〈 jµ(x1)jν(x2) 〉 = lim
ǫ→0
∂µ〈 j
l
µ(x1)j
l
ν(x2) 〉.
From 2.5 one has
∂µ〈 j
l
µ(x1)j
l
ν(x2) 〉 = −
ǫC˜j
(D − 1 + ǫ)
∂x1ν
1
(x12)D−1+ǫ
.
Using 2.8 for k = D−2
2
lim
ǫ=0
ǫ
1
(x12)D−1+ǫ
=
4−
D−2
2 πD/2
Γ (D − 1) Γ
(
D
2
)✷D−22 δ(x),
we find
∂µ〈 jµ(x1)jν(x2) 〉 = Cj∂ν✷
D−2
2 δ(x12), (2.12)
where
Cj = −
4−
D−2
2 πD/2
Γ
(
D
2
)
Γ (D)
C˜j.
One easily checks that this identity is conformally invariant. The l.h.s of 2.12 trans-
forms as a Euclidean average
〈 j(x1)jν(x2) 〉 6= 0, (2.13)
where j(x) = ∂µjµ(x) is a conformal scalar of dimension D:
j(x)→
1
(x2)D
j(Rx).
This transformation law is proved with the help of identities
∂xµ =
1
x2
gµν(x)∂
Rx
ν , gµρ(x)gρν(x) = δµν , ∂µ
[
1
(x2)D−1
gµν(x)
]
= 0. (2.14)
Note that the conformally invariant average including scalar and vector vanishes in
the general case
〈 jlµ(x1)j
l
ν(x2) 〉 = 0, if l1 6= D and l2 6= D − 1
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for any dimension save
l1 = D, l2 = D − 1,
the latter are exceptional ones. The r.h.s. of the identity 2.12 also transforms like the
quantity 2.13 — this may be checked with the help of relation
δ(Rx12) =
(
x21
)D
δ(x12). (2.15)
The invariance of the identity 2.12 is proved.
Thus, the expansion in ǫ of the regularized propagator ∆ǫµν has a finite longitudinal
term
∆longµν (x12) = 〈 jµ(x1)jν(x2) 〉
long = Cj∂µ∂ν✷
D−4
2 δ(x12). (2.16)
In the discussions below, the following form of the regularized propagator is useful
∆ǫµν =
C˜j
2(D − 1 + ǫ)(D − 2 + 2ǫ)
(δµν✷− ∂µ∂ν)
1
(x212)
D−2+ǫ
+ Cj∂µ∂ν✷
D−4
2 δ(x12) +O(ǫ). (2.17)
Note that in the derivation of the regularized expression 2.17 in some publications
the finite longitudinal term was missing, and the propagator was identified with the
regularized transversal part of this expression.
2.2 Transversal Part of the Propagator of the Energy-Mo-
mentum Tensor
Let T lµν(x) be a traceless symmetric tensor of dimension l. Under conformal inversion
it transforms as
T lµν(x)
R
−→
1
(x2)l
gµρ(x)gνσ(x)T
l
ρσ(Rx). (2.18)
The conformal propagator is determined by the condition of invariance
〈T lµν(x1)T
l
ρσ(x2)〉 =
1
(x21x
2
2)
l
gµα(x1)gνβ(x1)gρλ(x2)gστ (x2)
× 〈T lαβ(Rx1)T
l
λτ (Rx2)〉 (2.19)
and has the form
〈 T lµν(x1)T
l
ρσ(x2) 〉 = C˜T
[
gµρ(x12)gνσ(x12) + gµσ(x12)gνρ(x12)−
2
D
δµνδρσ
]
1
(x212)
l
,
(2.20)
where C˜T is some constant. Consider its behaviour near the point of canonical di-
mension lT :
l = lT + ǫ = D + ǫ. (2.21)
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The contractions ∫
dx1 dx2 h
D−l
µν (x1)〈T
l
µν(x1)T
l
ρσ(x2)〉h
D−l
ρσ (x2)
∣∣∣∣
ǫ→0
(2.22)
are divergent in the limit of ǫ = 0 if htrµν(x) 6= 0. One can check that the singular in ǫ
part of this propagator is transversal and has the form:
∆µν(x12) ∼ C˜TH
tr
µν
(
∂
∂x
)
1
(x212)
D−2+ǫ
+O(1), (2.23)
where Htrµν is the transversal (in each index) differential operator
∂µH
tr
µνρσ
(
∂
∂x
)
= 0, Htrµνρσ = H
tr
ρσµν = H
tr
νµρσ,
Htrµνρσ
(
∂
∂x
)
=
{
D − 2
D − 1
∂µ∂ν∂ρ∂σ −
1
2
(δµρ∂ν∂σ + δµσ∂ν∂ρ
+ δνρ∂µ∂σ + δνσ∂µ∂ρ)✷−
1
(D − 1)
(δµν∂ρ∂σ + δρσ∂µ∂ν)✷
+
1
2
(δµρδνσ + δµσδνρ)✷
2 −
1
(D − 1)
δµνδρσ✷
2
}
. (2.24)
Thus the divergent part of the contraction 2.22 is caused by a contribution of the
transversal component of the field hµν(x) when ǫ→ 0.
In the limit ǫ = 0 the field hµν(x) coincides with the traceless part of metric tensor,
which has a zero dimension: lh = D− lT = 0. In section 5 we describe a conformally
invariant regularization of the field hµν (lh → l
ǫ
h = −ǫ). In the longitudinal sector
consisting of the fields
hlongµν (x)
∣∣∣
ǫ=0
= ∂µhν(x) + ∂νhµ(x)−
2
D
δµν∂λhλ(x), h
tr
µν(x)
∣∣∣
ǫ=0
= 0 (2.25)
we get the contractions which are finite due to 2.23
∫
dx1 dx2 h
long
µν (x1)〈 T
l
µν(x1)T
l
ρσ(x2) 〉h
long
ρσ (x2). (2.26)
In the theory with no gravitational interaction only the contractions 2.26 may appear.
We show in sections 4–5 that in the transversal sector of the conformal gravity a new
expression for the propagator 〈TµνTρσ〉 arises. This expression is free of divergences
at ǫ = 0.
Consider the Ward identity for the propagator. By definition, we set
∂ν〈 Tµν(x1)Tρσ(x2) 〉 = lim
ǫ=0
∂ν〈 T
l
µν(x1)T
l
ρσ(x2) 〉.
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The divergent part present in 2.23 vanishes after taking the derivative. As the result
we have from 2.20
∂ν〈T
l
µν(x1)T
l
ρσ(x2)〉 =
ǫC˜T
(D − 1 + ǫ)(D + 1 + ǫ)
[
∂µ∂ρ∂σ
−
(D − 1 + ǫ)
2(D + 2ǫ)
(δµρ∂σ + δµσ∂ρ)✷−
1 + ǫ
D(D + ǫ)
δρσ∂µ✷
]
1
(x212)
D−1+ǫ
. (2.27)
Using the relation 2.8 for k = D−2
2
one gets
∂ν〈Tµν(x1)Tρσ(x2)〉 = CT
[
∂µ∂ρ∂σ −
D − 1
2D
(δµρ∂σ + δµσ∂ρ)✷
−
1
D2
δρσ∂µ✷
]
✷
D−2
2 δ(x12), (2.28)
where
CT = −C˜Tπ
D/24−
D−2
2
[
Γ (D + 2) Γ
(
D
2
)]−1
.
For D = 2 this identity becomes naturally 1.8.
It is not hard to show that the identity 2.28 is conformally invariant. The l.h.s.
transforms as a conformally invariant average of a vector and a tensor:
〈 Tµ(x1)Tρσ(x2) 〉
R
−→
1
(x21)
D+1
1
(x22)
D
gµν(x1)gρα(x2)gσβ(x2)〈 Tν(Rx1)Tαβ(Rx2) 〉,
(2.29)
where Tµ(x) = ∂νTµν(x) is a conformal vector of dimension d + 1. One easily checks
that for l = D the quantity ∂νTµν(x) is indeed the conformal vector
∂xνTµν(x)
R
−→
1
(x2)D+1
gµρ(x)∂
Rx
ν Tρν(Rx).
Notice that in the general case the conformally invariant average of a vector and a
tensor is zero
〈 T l1µ (x1)T
l2
ρσ(x2) 〉, if l1 6= D + 1 and l2 6= D,
for any dimension except
l1 = D + 1, l2 = D.
These dimensions are exceptional, and 〈TµTρσ〉 6= 0. The r.h.s. of the identity 2.28
also transforms by the law 2.29. This is checked with the help of 2.15. The invariance
of the identity is proved.
¿From the discussion above follows that the expansion 2.23 includes a finite lon-
gitudinal term of the type
∆longµνρσ(x12) = 〈 Tµν(x1)Tρσ(x2) 〉
long = ∂µ∆νρσ(x12) + ∂ν∆µρσ(x12)−
2
D
δµν∂λ∆λρσ(x12).
(2.30)
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One finds from the Ward identity 2.28:
∆µρσ(x12) = CT
{
(2D2 − 3D + 2)
2D(D − 1)
∂µ∂ρ∂σ
−
D − 1
2D
(δµρ∂σ + δµσ∂ρ)✷−
1
2D(D − 1)
δρσ∂µ✷
}
✷
D−4
2 δ(x12). (2.31)
Rewrite the expansion 2.23 in the form
∆ǫµνρσ(x12) = 〈T
l
µν(x1)T
l
ρσ(x2)〉
∣∣∣
ǫ→0
≃ ∆ǫ trµνρσ(x12) + ∆
long
µνρσ(x12) +O(ǫ), (2.32)
where
∆ǫ trµνρσ(x12) ∼ C˜TH
tr
µνρσ
(
∂
∂x
)
1
(x212)
D−2+ǫ
.
In a number of works dealing with the expansion 2.32, the finite longitudinal term 2.30
is missing.
For what follows it is helpful to introduce projection operators [1] selecting out
longitudinal and transversal sectors. Let us start with the longitudinal projector. We
put
Pµνρ
(
∂
∂x
)
= −
1
2
[
(D − 2)
(D − 1)
∂µ∂ν∂ρ
1
✷2
− (δµν∂ρ + δµρ∂ν)
1
✷
+
1
D − 1
δρσ∂µ
1
✷
]
. (2.33)
It is not hard to check that the operator
P longµνρσ
(
∂
∂x
)
= ∂µPνρσ
(
∂
∂x
)
+ ∂νPµρσ
(
∂
∂x
)
−
2
D
δµν∂λPλρσ
(
∂
∂x
)
(2.34)
is a projection operator:
P longµνρσP
long
ρσλτ = P
long
µνλτ .
The transversal projector is defined as
P trµνρσ
(
∂
∂x
)
= Iµνρσ − P
long
µνρσ
(
∂
∂x
)
, (2.35)
where
Iµνρσ =
1
2
(
δµρδνσ + δµσδνρ −
2
D
δµνδρσ
)
.
One can show that this operator is related to the operator Htrµνρσ introduced above
by the equality
P trµνρσ
(
∂
∂x
)
=
1
✷2
Htrµνρσ
(
∂
∂x
)
, (2.36)
where Htr is given by the expression 2.24.
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3 The Transformations of Conformal Group in In-
teger Points
In this section we demonstrate that the divergences of the expressions 2.17 and 2.32
at ǫ = 0 are caused by the specific structure of representations of the conformal group,
which are given by the transformation laws 2.2 and 2.18 for l = lj and l = lT . Let
us remind that the propagators which are invariant under the transformations of a
certain symmetry group may be found as the kernels of invariant bilinear forms in
the representation space. For example, the propagator of the irreducible conformal
field jlµ may be introduced as the kernel of the form
(AD−l, AD−l) =
∫
dx1 dx2A
D−l
µ (x1)∆
l
µν(x12)A
D−l
ν (x2), (3.1)
where AD−lµ are conformal fields of dimension l˜ = D − l. (We also remind that
representations with dimensions l and l˜ = D− l are equivalent). Taking into account
that dDx = (x2)DdD(Rx), one obtains the expression 2.4 for the kernel ∆lµν(x), so
that the kernel may be identified with the invariant propagator of the field jlµ:
〈 jlµ(x1)j
l
ν(x2) 〉 ∼ ∆
l
µν(x12). (3.2)
The latter is valid for either irreducible representations or their direct sums, since
corresponding kernels are non-degenerate.
It is known that [10,11] the representations of the conformal group defined by the
transformation laws 2.2 and 2.18 are irreducible for all values of l except the points
lj = D − 1, lA = D − lj = 1 and lT = D, lh = D − lT = 0, (3.3)
which belong to a series of exceptional integer points. The representations in these
points are undecomposable, while the invariant kernels are degenerate. To derive
invariant propagators of the fields with such dimensions, it is primarily necessary to
construct irreducible representations and their direct sums. After that, the propaga-
tors may be determined from the relations of the type 3.2. Let us demonstrate this
on an example of the current.
3.1 Irreducible Representations for the Fields Aµ and jµ
The propagator of the current
∆µν(x12) = 〈 jµ(x1)jν(x2) 〉 (3.4)
is the kernel of the invariant contraction
(A,A) =
∫
dx1 dx2Aµ(x1)〈 jµ(x1)jν(x2) 〉Aν(x2), (3.5)
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where Aµ(x) is the electromagnetic potential. Consider the transformation law
Aµ(x)
R
−→ A′µ(x) = U
A
RAµ(x) =
1
x2
gµν(x)Aµ(Rx). (3.6)
This transformation law leads to a number of difficulties. The contraction 3.5 is
invariant if the propagator 3.4 satisfies the equation 2.4 after the formal transition
ǫ = l − D + 1 → 0 is performed in the latter equation. Also, we know that the
solution 2.5 of this equation for ǫ 6= 0 does not admit such a transition to this limit
for even D ≥ 4. Note however, that the equation 2.4 for l = D − 1 admits (for even
D ≥ 4) a special solution which cannot be obtained as a result of transition to the
limit ǫ→ 0. This solution is transversal:
∆trµν(x12) = 〈 jµ(x1)jν(x2) 〉
tr ∼ (∂µ∂ν − δµν✷)✷
D−4
2 δ(x12). (3.7)
Another aspect of this problem consists in the fact that the conformal propagator
of the field Aµ(x), defined by the equation 2.4 for l = lA = 1, turns out to be
longitudinal
Dlongµν (x12) = 〈Aµ(x1)Aν(x2) 〉
long ∼
1
x212
gµν(x12) =
1
2
∂µ∂ν ln x
2
12. (3.8)
Note that the propagator of the regularized field AD−lµ has a transversal component
of the order ǫ
Dǫµν(x12)
∣∣∣
ǫ→0
= 〈AD−lµ (x1)A
D−l
ν (x2)〉
∣∣∣
ǫ→0
= Dlongµν (x12) + ǫD
tr
µν(x12) + . . . , (3.9)
where Dtrµν(x12) ∼ (δµν✷− ∂µ∂ν) lnx
2. Comparing that with the leading terms of the
expansion 2.17
∆ǫµν(x12)
∣∣∣
ǫ→0
≃
1
ǫ
∆trµν(x12) + ∆
long
µν (x12) + . . . , (3.10)
where ∆trµν is given by the expression 3.7 and ∆
long
µν — by the expression 2.16, one
may conclude that the resolving of the 0×∞ ambiguity should occur in the transver-
sal sector of the contraction 3.5. This elucidates the cause of famous difficulties in
attempts to analyze conformal gauge theories: the propagator of the gauge field,
formally defined at ǫ = 0, looks like longitudinal, and the theory seems to be empty.
To inspect the problem, consider an undecomposable representation QA defined
by the transformation 3.6 on the space MA of all fields Aµ(x). The space MA has an
invariant subspace M longA
M longA ⊂MA
consisting from longitudinal fields
Alongµ ⊂M
long
A , A
long
µ (x) = ∂µϕ(x).
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Indeed, the result of conformal transformation of a longitudinal field is also a longi-
tudinal field:
Alongµ (x)
R
−→
1
x2
gµν(x)A
long
ν (Rx) =
1
x2
gµν(x)∂
Rx
ν ϕ(Rx) = ∂
x
µϕ(Rx),
i.e.,
Alongµ (x)
R
−→ A′
long
µ (x) = ∂µϕ
′(x) ∈M longA ,
where ϕ′(x) = ϕ(Rx). It is essential that the complement of the subspace M longA upto
the total space MA is not invariant with respect to transformation 3.6. In particular,
the subspace of transversal field is non-invariant:
Atrµ (x)
R
−→ A˜µ(x) =
1
x2
gµν(x)A
tr
ν (Rx), ∂µA˜µ(x) 6= 0.
This feature is characteristic for any undecomposable representations.
In the case of the current jµ(x) the undecomposable representation is given by the
transformation law
jµ(x)
R
−→ j′µ(x) = U
j
Rjµ(x) =
1
(x2)D−1
gµν(x)jν(Rx). (3.11)
Denote the space of representation Qj asMj . It consists of all fields jµ(x). Transversal
fields compose an invariant subspace M trj :
jtrµ ∈M
tr
j ⊂Mj .
Indeed, after the transformation of a transversal field jtrµ (x) a new transversal field
results:
j′
tr
µ (x) =
1
(x2)D−1
gµν(x)j
tr
ν (Rx); ∂µj
′tr
µ (x) = 0 if ∂µj
tr
µ (x) = 0.
To check that, the relation ∂µ
[
1
(x2)D−1
gµν(x)
]
= 0 is used. A complement of M trj to
the total space Mj is non-invariant. Thus the transformation law 3.11 does not define
a representation on the space of longitudinal currents jlongµ (x) = ∂µj(x).
Now consider invariant bilinear forms for even D ≥ 4. On the space MA exists a
unique finite form
{A,A}0 =
∫
dx1 dx2Aµ(x1)∆
tr
µν(x12)Aν(x2), (3.12)
where ∆trµν is the exceptional kernel 3.7. This form is degenerate on the invariant
subspace M longA {
Along, Along
}
0
= 0. (3.13)
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Analogously, the only invariant form on the space Mj has the form
{j, j}0 =
∫
dx1 dx2 jµ(x1)D
long
µν (x12)jν(x2). (3.14)
It is degenerate on the invariant subspace M trj :{
jtr, jtr
}
0
= 0. (3.15)
To obtain non-degenerate forms one should consider irreducible representations
instead of undecomposable representations QA and Qj . To each undecomposable
representation Q defined on the space M one can attach a pair of irreducible rep-
resentations. One of them acts on an invariant subspace M0 ⊂ M , namely, on the
subspace where the invariant form is degenerate, see 3.12–3.15. Denote this represen-
tation as Q0. It is defined by the initial transformation law. The other irreducible
representation is established by the same transformation law on the quotient space
M˜ =M/M0.
Denote this representation as Q˜. The elements of the space are equivalence classes.
In the case of the potential Aµ the quotient space
M˜A =M/M
long
consists of equivalence classes [Aµ], each class including all fields with a fixed transver-
sal component. Any two fields Aµ and Aµ + ∂µϕ, where ϕ is an arbitrary function,
are the representatives of the same class [A]. The transformation law 3.6 defines an
irreducible representation on such classes:
Q˜A : [Aµ]
R
−→
[
A′µ
]
. (3.16)
The form 3.12 gives the scalar product on these classes. One may choose transversal
representatives in each class — it does not effect the value of the form:∫
dx1 dx2Aµ(x1)∆
tr
µν(x12)Aν(x2) =
∫
dx1 dx2A
tr
µ (x1)∆
tr
µν(x12)A
tr
ν (x2). (3.17)
It follows that the form {A,A}0 is non-degenerate when exploited on the quotient
space M˜A. The other irreducible representation, of the Q0 type, is given by the
transformation law 3.6 on an invariant subspace M longA :
Alongµ (x)
R
−→ A′
long
µ (x).
Denote this representation as QlongA , and consider its invariant scalar product. The
latter may be defined by the form
{
Along, Along
}
1
=
∫
dx1 dx2A
long
µ (x1)∆
long
µν (x12)A
long
ν (x2), (3.18)
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where ∆longµν is the longitudinal kernel 2.16. This form is invariant only on the subspace
of longitudinal fields. Its expression may be chosen to be explicitly invariant using
the singular kernel 2.17:
∫
dx1 dx2A
long
µ (x1)∆
long
µν (x12)A
long
ν (x2) =
∫
dx1 dx2A
long
µ (x1)∆
ǫ
µν(x12)A
long
ν (x2)
∣∣∣∣
ǫ=0
.
(3.19)
Thus we get the pair of irreducible representations
Q˜A and Q
long
A (3.20)
acting on the spaces M˜A and M
long
A . Invariant scalar products are defined on both of
these spaces. Accordingly, there is the pair of invariant kernels
∆trµν(x12) and ∆
ǫ
µν(x12). (3.21)
The former one is non-degenerate on the space M˜A, while the latter is non-degenerate
(and finite) on the space M longA . Now let us consider a direct sum of irreducible
representations
Q˜A ⊕Q
long
A , (3.22)
defined on the direct sum of spaces
M˜A ⊕M
long
A . (3.23)
As will be shown in the next section, having chosen a suitable realization of conformal
transformations one would be able to construct an invariant scalar product on the
space 3.23
(A,A) =
{
Atr, Atr
}
0
+
{
Along, Along
}
1
, (3.24)
which would define a new propagator of the current.
In an analogous manner one can explore the pair of irreducible representations
Qtrj and Q˜j , (3.25)
associated with an undecomposable representation Qj . The first one, Q
tr
j , is given by
the transformation law 3.11 on the invariant space M trj :
Qtrj : j
tr
µ (x)
R
−→ j′
tr
µ . (3.26)
The second irreducible representation is given by the law 3.11 on the quotient space
M˜j =Mj/M
tr
j which consists of equivalence classes [jµ]:
Q˜j : [jµ]
R
−→
[
j′µ
]
. (3.27)
Each class contains all fields with a fixed longitudinal component. Any two fields jµ
and jµ + j˜
tr
µ , where j˜
tr
µ is a transversal field, belong to the same class. The invariant
16
form 3.14 defines a scalar product on these equivalence classes. In what follows in
each class we select a longitudinal representative. The value of the form will be the
same after that:∫
dx1 dx2 jµ(x1)D
long
µν (x12)jν(x2) =
∫
dx1 dx2 j
long
µ (x1)D
long
µν (x12)j
long
ν (x2). (3.28)
Consider the invariant scalar product for the representation Qtrj . The latter may be
defined by the form
{
jtr, jtr
}
1
=
∫
dx1 dx2 j
tr
µ (x1)D
tr
µν(x12)j
tr
ν (x2), (3.29)
where
Dtrµν ∼ (δµν✷− ∂µ∂ν) ln x
2
12. (3.30)
Though the kernel Dtrµν is not invariant under conformal inversion
Dtrµν(x12) =
1
x21x
2
2
gµρ(x1)gνσ(x2)D
tr
µν(Rx1 −Rx2)
−
1
x21
gµτ (x1)∂
Rx1
τ
(
1
2
lnx212∂ν ln x
2
2
)
−
1
x22
gµτ (x2)∂
Rx2
τ
(
1
2
ln x212∂ν ln x
2
1
)
−
1
x21x
2
2
gµτ (x1)gνσ(x2)∂
Rx1
τ ∂
Rx2
σ
(
ln x21 ln x
2
2
)
,
the form 3.29 remains invariant as long as considered on transversal fields. Note that
the form 3.29 may be written as an explicitly invariant expression if one introduces
the invariant kernel which is singular when ǫ→ 0:
Dǫµν(x12) ∼
1
ǫ
1
(x12)1−ǫ
gµν(x12) =
1
ǫ
Dlongµν (x12) +D
tr
µν(x12) + . . . . (3.31)
The contractions of this kernel with transversal fields are finite in the limit ǫ = 0.
Now rewrite 3.29 in the form{
jtr, jtr
}
1
=
∫
dx1 dx2 j
tr
µ (x1)D
ǫ
µν(x12)j
tr
ν (x2)
∣∣∣∣
ǫ=0
. (3.32)
Here we assume the fields jtrµ are subjected to conformally invariant regularization
(see sections 4,5):
∂µj
tr
µ (x)
∣∣∣
ǫ=0
= 0.
Resultantly, we have a pair of invariant kernels (in accordance with 3.21)
Dǫµν(x12) and D
long
µν (x12). (3.33)
The first kernel is non-degenerate and finite on the space M˜A, and the second — on the
subspace M longA . Analogously to 3.22, consider a direct sum of representations 3.20:
Qtrj ⊕ Q˜j, (3.34)
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defined on the direct sum of spaces
M trj ⊕ M˜j . (3.35)
In the next section we derive a non-degenerate propagator 〈AµAν〉 defining the latter
as a kernel of the invariant product
(j, j) =
{
jtr, jtr
}
1
+
{
jlong, jlong
}
0
=
∫
dx1 dx2 jµ(x1)〈Aµ(x1)Aν(x2) 〉jν(x2) (3.36)
in a specific realization of conformal transformations.
3.2 Irreducible Representations for the Fields hµν and Tµν
Define a propagator of the energy-momentum tensor
∆µνρσ(x12) = 〈 Tµν(x1)Tρσ(x2) 〉 (3.37)
as the kernel of the invariant form
(h, h) =
∫
dx1 dx2 hµν(x1)〈 Tµν(x1)Tρσ(x2) 〉hρσ(x2), (3.38)
where hµν is the traceless part of the metric tensor. Consider the transformation law
hµν(x)
R
−→ h′µν(x) = U
h
Rhµν(x) = gµρ(x)gνσ(x)hρσ(Rx). (3.39)
If the form 3.38 were invariant with respect to this law, the propagator 3.37 would
satisfy the equation 2.19 for l = D. We know that the solution of the equation 2.19
does not allow a limiting transition l → D for even D ≥ 4. Nevertheless, there exists
an exceptional solution
∆trµνρσ(x12) = 〈 Tµν(x1)Tρ(x2) 〉
tr ∼ Htrµνρσ
(
∂
∂x
)
✷
D−4
2 δ(x12), (3.40)
where Htrµνρσ is the differential operator 2.24. This solution cannot be derived from
the general solution 2.20 as the limit l → D. Therefore, the propagator of the field
Tµν(x), which is invariant under the transformation
Tµν(x)
R
−→ T ′µν(x) = U
T
RTµν(x) =
1
(x2)D
gµρ(x)gνσ(x)Tρσ(Rx), (3.41)
is transversal. On the other hand, the propagator of the field hµν(x), being invariant
under 3.39, is longitudinal. The solution of the equation 2.19 for l = 0 reads:
Dlongµνρσ(x12) = 〈hµν(x1)hρσ(x2)〉
long
∼
[
gµρ(x12)gνσ(x12) + gµσ(x12)gνρ(x12)−
2
D
δµνδρσ
]
= ∂µDνρσ(x12) + ∂νDµρσ(x12)−
2
D
δµν∂λDλρσ(x12), (3.42)
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where
Dµ,ρσ(x) =
1
2
[
xρgνσ(x) + xσgµρ(x) +
2
D
δρσxµ
]
.
Hence it follows that similar to the case of current (see 3.9,3.10 and below), the
transversal sector of the contraction 3.38 exhibits an ambiguity 0×∞.
An inspection of undecomposable representations Qh and QT defined by the trans-
formation laws 3.39 and 3.41 is a literal recital of the analysis of representations QA
and Qj studied above. So, we shall restrict ourselves to a brief discourse. Look at the
representation Qh defined by the law 3.39 in the space Mh of fields hµν . This space
has an invariant subspace M longh , consisting of longitudinal fields
hlongµν (x) = ∂µhν(x) + ∂νhµ(x)−
2
D
δµν∂λhλ(x). (3.43)
The transformation law 3.39 defines the irreducible representation Qlongh in the above
space. The form 3.38 with the kernel 3.40 vanishes on M longh . An invariant scalar
product may be defined by the form 2.26, the latter will be denoted as
{
hlong, hlong
}
1
.
The second irreducible representation, denoted as Q˜h, is given by the law 3.39 in the
quotient space
M˜h = Mh/M
long
h .
The elements of this space are equivalence classes, each including all fields with a
fixed transversal component. Two fields hµν and hµν +h
long
µν belong to the same class.
The invariant scalar product on M˜h is given by the form
{h, h}0 =
∫
dx1 dx2 hµν(x1)∆
tr
µνρσ(x12)hρσ(x2), (3.44)
where ∆trµνρσ is the transversal kernel 3.40. Thus one has a pair of irreducible repre-
sentations
Q˜h and Q
long
h , (3.45)
associated with the pair of invariant kernels
∆trµνρσ(x12) and ∆
ǫ
µνρσ(x12). (3.46)
The second kernel is given by the expression 2.32 formally divergent at ǫ = 0, but gives
rise to the form {, }1 which is finite onM
long
h . Examine a direct sum of representations
Q˜⊕Qlongh . (3.47)
An invariant scalar product may be postulated as a sum of forms
(h, h) =
{
htr, htr
}
0
+
{
hlong, hlong
}
1
. (3.48)
In the next section we study a realization of representation Q˜ on the space of transver-
sal fields htrµν and obtain the expression for the propagator 〈TµνTρσ〉, given by the
formula 3.38.
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An undecomposable representation QT given by the law 3.41 may be inspected in
a similar manner. The space MT of the representation QT has an invariant subspace
M trT ⊂MT .
Indeed, the transformation of a transversal field T trµν results in a transversal field T
′tr
µν :
∂µT
′tr
µν(x) = ∂µ
{
1
(x2)D
gµρ(x)gνσ(x)Tρσ(Rx)
}
= 0.
To check that, one uses the equality ∂µ
[
1
(x2)D−1
gµρ(x)
]
= 0 and the fact that the tensor
Tµν(x) is traceless. The transformation law 3.41 defines an irreducible representation
QtrT on the space M
tr
T . An invariant scalar product on that space may be defined by
the form {
T tr, T tr
}
1
=
∫
dx1 dx2 T
tr
µν(x1)D
ǫ
µνρσ(x12)T
tr
ρσ(x2)
∣∣∣∣
ǫ=0
, (3.49)
where
Dµνρσ(x) ∼
1
ǫ
(x2)ǫ
[
gµρ(x)gνσ(x) + gµσ(x)gνρ(x)−
2
D
δµνδρσ
]
. (3.50)
Though this kernel is formally divergent, the contractions 3.49 are always finite due
to 3.42. A conformally invariant regularization of transversal fields T trµν(x) in 3.49
is detailed in section 5. Note that the form 3.49 can be defined using the formally
non-invariant kernel Dtrµνρσ (similar to 3.29):
∫
dx1 dx2 T
tr
µν(x1)D
ǫ
µνρσ(x12)T
tr
ρσ(x2)
∣∣∣∣
ǫ=0
=
∫
dx1 dx2 T
tr
µν(x1)D
tr
µνρσ(x12)T
tr
ρσ(x2)
∣∣∣∣
ǫ=0
,
(3.51)
where
Dtrµνρσ(x) ∼ P
tr
µνρσ
(
∂
∂x
)
ln x2, (3.52)
and P
(
∂
∂x
)
is the projection operator 2.36. The second irreducible representation,
denoted as Q˜T , acts in the quotient space (similar to 3.27)
M˜T =MT /M
tr
T .
The invariant scalar product on M˜T is defined by the form
{T, T}0 =
∫
dx1 dx2 Tµν(x1)D
long
µνρσ(x12)Tρσ(x2). (3.53)
Choosing a longitudinal representative in each equivalence class M˜T
T longµν (x) = ∂µTν(x) + ∂νTµ(x)−
2
D
δµν∂λTλ(x), (3.54)
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one can rewrite 3.53 in the form (see 3.28):
{T, T}0 =
∫
dx1 dx2 T
long
µν (x1)D
long
µνρσ(x12)T
long
ρσ (x2). (3.55)
Thus one has a pair of irreducible representations
QtrT and Q˜T , (3.56)
associated with the pair of invariant forms
{
T tr, T tr
}
1
and
{
T long, T long
}
0
. (3.57)
In the next section we examine the field Tµν(x) which transforms by the irreducible
representation
QtrT ⊕ Q˜T . (3.58)
Choosing a special realization of the representation Q˜T , we shall introduce an invariant
propagator 〈hµνhρσ〉 as the kernel of the form
(T, T ) =
{
T tr, T tr
}
1
+
{
T long, T long
}
2
=
∫
dx1 dx2 Tµν(x1)〈 hµν(x1)hρσ(x2) 〉Tρσ(x2).
(3.59)
4 New Conformal Transformations and Conformal
Propagators 〈jµjν〉, 〈TµνTρσ〉
Consider the irreducible representation Q˜A, see 3.16. The transformation law 3.6
defines it on the space M˜A of equivalence classes. Let us present a new realization of
this representation on the space of transversal fields. Of course, the transformation
law of the field Aµ(x) will be different in this realization.
First, in each equivalence class [Aµ] ⊂ M˜A we pass to a transversal representative
Atrµ ⊂ [Aµ]:
Aµ(x)→ A
tr
µ (x) = P
trAµ(x) =
(
δµν −
∂µ∂ν
✷
)
Aν(x),
Aµ, A
tr
µ (x) ⊂ [Aµ] . (4.1)
The transformation 3.6 converts the class [Aµ] into a new class
[
A′µ
]
, see 3.16. Under
that, a transversal representative Atrµ transforms into a certain (non-transversal) field
A′µ ⊂
[
A′µ
]
A′µ(x) = U
A
RA
tr
µ (x) =
1
x2
gµν(x)A
tr
ν (Rx). (4.2)
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In the new class
[
A′µ
]
we pass to a transversal representative A′trµ
A′
tr
µ (x) = P
trA′µ(x) =
(
δµν −
∂µ∂ν
✷
)
A′ν(x). (4.3)
The sequence of three transformation 4.1–4.3 defines a realization of the represen-
tation Q˜A on transversal fields. Taking into account that longitudinal fields A
long
µ
transform by the irreducible representation QlongA , one can now define a reducible rep-
resentation Q˜A ⊕ Q
long
A on the total space of fields Aµ(x) as follows. Decompose the
field Aµ into the sum of transversal and longitudinal components
Aµ(x) = A
tr
µ (x) + A
long
µ (x) = P
trAµ(x) + P
longAµ(x).
With the first term we associate the representation Q˜A, and with the second — Q
long
A .
To proceed, introduce the operator
V AR = P
trUARP
tr + UARP
long, (4.4)
where UAR is given by 3.6. The transformation law
Aµ(x)
R
−→ A′µ(x) = VRAµ(x) (4.5)
defines the reducible representation Q˜A ⊕ Q
long
A . An expanded form of the transfor-
mation 4.5 is:
VRAµ(x) =
(
δµν −
∂xµ∂
x
ν
✷x
)
1
x2
gνρ(x)
(
δρσ −
∂Rxρ ∂
Rx
σ
✷Rx
)
Aσ(Rx)
+
1
x2
gµν(x)
∂Rxν ∂
Rx
ρ
✷Rx
Aρ(Rx)
=
1
x2
gµν(x)Aν(Rx)−
∂xµ∂
x
ν
✷x
1
x2
gνρ(x)Aρ(Rx) +
1
x2
gµν(x)
∂Rxν ∂
Rx
ρ
✷Rx
Aρ(Rx).
(4.6)
Evidently, each conformal transformation g : xµ → gxµ of the field Aµ(x) in the new
realization may be put into a form 4.4
Aµ(x)
g
−→ VgAµ(x) = P
trUgP
trAµ(x) + UgP
longAµ(x), (4.7)
where Ug is the transformation operator of the field Aµ(x) in a conventional realiza-
tion. One easily checks that the transformation 4.7 satisfies the group law:
Vg2Vg1Aµ(x) = Vg1g2Aµ(x), if Ug2Ug1Aµ(x) = Ug1g2Aµ(x). (4.8)
The check employs an invariance of longitudinal sector (the subspace M longA ) with
respect to transformations Ug in conventional realization: P
trUgP
longAµ(x) = 0.
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The realization of representation Qtrj ⊕ Q˜j , see 3.33–3.36, on the space of fields
jµ(x) may be deduced in an analogous manner. It amounts to introducing of the
representation Q˜j , see 3.27 and below, on the space of fields j
long
µ (x). As above,
we choose a longitudinal representative in each equivalence class [jµ] and consider a
sequence of transformations like 4.1–4.3
jµ(x)→
∂µ∂ν
✷
jν(x)
R
−→
1
(x2)D−1
gµν(x)
∂Rxν ∂
Rx
ρ
✷Rx
jρ(Rx)
→
∂xµ∂
x
ν
✷x
1
(x2)D−1
gνρ(x)
∂Rxρ ∂
Rx
σ
✷Rx
jσ(Rx). (4.9)
Using the invariance of transversal sector (the subspace M trj ) of the fields jµ(x) under
the transformation 3.11
P longU jRP
trjµ(x) = 0, (4.10)
we arrive at the following realization of the representation Qtrj ⊕ Q˜:
jµ(x)
R
−→ V jRjµ(x) = U
j
RP
trjµ(x) + P
longU jRP
longjµ(x), (4.11)
or, more explicitly
V jRjµ(x) =
1
(x2)D−1
gµν(x)
(
δνρ −
∂Rxν ∂
Rx
ρ
✷Rx
)
jρ(Rx)
+
∂xµ∂
x
ν
✷x
1
(x2)D−1
gνρ(x)
∂Rxρ ∂
Rx
σ
✷Rx
jσ(Rx).
Here the first term corresponds to the representation Qtrj , while the second — to the
representation Q˜j . The group law is checked in the same way as in the case of the
field Aµ(x), see 4.8. On account of 4.10, we have:
V jRV
j
Rjµ(x) = jµ(x), since U
j
RU
j
Rjµ(x) = jµ(x).
Thus, we have formulated a new realization of conformal transformations of the
fields Aµ and jµ. Now consider invariant (in the new sense) propagators of these
fields. The conditions of invariance have the form
〈V AR Aµ(x1)V
A
R Aν(x2)〉 = 〈Aµ(x1)Aν(x2)〉, (4.12)
〈V jRjµ(x1)V
j
Rjν(x2)〉 = 〈jµ(x1)jν(x2)〉. (4.13)
The solution of these equations has the form [1,14–16]:
Dµν(x12) = 〈Aµ(x1)Aν(x2)〉 = gA
(
δµν −
∂µ∂ν
✷
)
1
x212
+ η∂µ∂ν ln x12, (4.14)
∆µν(x12) = 〈jµ(x1)jν(x2)〉 = gj
(
δµν −
∂µ∂ν
✷
)
✷
D−4
2 δ(x12) + Cj∂µ∂ν✷
D−4
2 δ(x12),
(4.15)
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where gA, η, gj are constants. The coefficient Cj in the second term of 4.15 is chosen
from the Ward identity 2.12. The propagators 4.14 and 4.15 are the kernels of
conformally invariant (in the new sense) contractions 3.24 and 3.35, see also 3.5.
Consider the fields hµν(x) and Tµν(x). Repeating the derivation of transforma-
tions 4.4 and 4.11 literally, we get the new conformal transformations in the following
form [1], see also [17]:
hµν(x)
R
−→ V hRhµν(x) = P
trUhRP
trhµν(x) + U
h
RP
longhµν(x), (4.16)
Tµν(x)
R
−→ V TR Tµν(x) = U
T
RP
trTµν(x) + P
longUTRP
longTµν(x), (4.17)
where UhR and U
T
R are given by the relations 3.39 and 3.41, and the projection operators
P tr, P long are written down in 2.36 and 2.34. These transformations define reducible
representations of the conformal group, see 3.45–3.48 and 3.56–3.59:
Q˜h ⊕Q
long
h and Q
tr
T ⊕ Q˜T . (4.18)
In the derivation of 4.16,4.17 we have used the invariance of longitudinal sector of the
field hµν(x) under the action of U
h
R, and the invariance of transversal sector of the
field Tµν(x) under the action of U
T
R (the subspaces M
long
h and M
tr
T )
P trUhRP
longhµν(x) = 0, P
longUTRP
trTµν(x) = 0.
The conformally invariant (in the new sense) propagators of the fields hµν(x) and
Tµν(x) are found from the conditions of invariance, analogous to 4.12,4.13. They
have the form (see also [1,17] and references therein):
Dµνρσ(x12) = 〈hµν(x1)hρσ(x2)〉
= ghP
tr
µνρσ
(
∂
∂x
)
ln x212 + ηP
long
µνρσ
(
∂
∂x
)
ln x212, (4.19)
∆µνρσ(x12) = 〈Tµν(x1)Tρσ(x2)〉
= gTH
tr
µνρσ
(
∂
∂x
)
✷
D−4
2 δ(x12) + CTH
long
µνρσ
(
∂
∂x
)
✷
D−4
2 δ(x12).(4.20)
Here gh, η and gT are constants, the projection operators P
tr
µνρσ and P
long
µνρσ are given
in 2.36, 2.34, the operator Htrµνρσ is defined in 2.24,
H longµνρσ
(
∂
∂x
)
= ∂µHνρσ
(
∂
∂x
)
+ ∂νHµρσ
(
∂
∂x
)
−
2
D
δµν∂λHλρσ
(
∂
∂x
)
,
where
Hµρσ
(
∂
∂x
)
=
2D2 − 3D + 2
2D(D − 1)
∂µ∂ρ∂σ −
D − 1
2D
(δµρ∂σ + δµσ∂ρ)✷−
1
2D(D − 1)
δρσ∂µ✷.
The coefficient in the second term is chosen in accordance with the Ward identity 2.28.
24
5 Equivalence Conditions and Higher Green Func-
tions. The Propagators 〈jj〉 and 〈TT 〉 on Internal
Lines
Let us consider higher Green functions which include the field Aµ(x) or jµ(x) together
with some different fields:
GAµ (x, . . .) = 〈Aµ(x)Φ1(x1) . . . 〉, G
j
µ(x, . . .) = 〈 jµ(x)Φ1(x1) . . . 〉, (5.1)
where the dots stand for a certain set of fields Φi, i = 1, 2, . . ., of arbitrary tensor
structure. One can show [1] that the two types of such conformally invariant Green
functions exist. The first type includes the Green functions associated to irreducible
representations Q˜A and Q
tr
j ,
GA1µ(x, . . .) = 〈Aµ(x) . . . 〉1, G
j
1µ(x, . . .) = 〈 jµ(x) . . . 〉1, (5.2)
while to the second type belong the Green functions associated to representations
QlongA and Q˜j :
GA2µ(x, . . .) = 〈Aµ(x) . . . 〉2, G
j
2µ(x, . . .) = 〈 jµ(x) . . . 〉2. (5.3)
The Green functions Gj1 and G
A
2 are associated with representations which act on
invariant subspacesM trj andM
long
A , see section 3. So, the functions G
j
1 are transversal,
while GA2 are longitudinal:
∂xµG
j
1µ(x, . . .) = 0, G
A
2µ(x, . . .) = ∂
x
µG(x, . . .). (5.4)
Each of the Green functions 5.2,5.3 may be represented in terms of partial wave
expansion [1], i.e., expressed through an infinite set of three-point functions of tensor
fields Φls(x) = Φ
l
µ1...µs
(x) of dimension l, where l, s run through all possible values. To
prove 5.4 and other related statements, it is sufficient to demonstrate their validity
for three-point functions.
Consider the functions 5.1 containing scalar fields. Introduce the invariant three-
point functions
C l,sµ (x1x2x3) = 〈Φ
l
µ1...µs(x1)ϕ(x2)jµ(x3) 〉, B
l,s
µ (x1x2x3) = 〈Φ
l
µ1...µs(x1)ϕ(x2)Aµ(x3) 〉,
(5.5)
where ϕ(x) is a scalar field of dimension d. Both C- and B-functions fall into two
types. Denote the functions of the 1st type as C l,s1µ, B
l,s
1µ, and of the 2nd — as C
l,s
2µ, B
l,s
2µ.
The explicit expressions for these functions are found in [1,2]. In particular, the
functions C l,s1µ and B
l,s
2µ, which satisfy 5.4, have the form:
C l,s1µ(x1x2x3) ∼
{
λx3µ (x2x1)λ
x1
µ1...µs
(x2x3)
+
(l − d)
s(D − 2− l + d+ s)
1
x213
[
s∑
k=1
gµµk(x13)λ
x1
µ1...µˆk ...µs
(x2x3)− traces
]}
×
(
x212
)− l+d−s−D+2
2
(
x213
)− l−d−s+D−2
2
(
x223
)− d+s−l+D−2
2 , (5.6)
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where
λx3µ (x1x2) =
(x13)µ
x213
−
(x23)µ
x223
, λx1µ1...µs(x2x3) = λ
x1
µ1
(x2x3) . . . λ
x1
µs(x2x3)− traces,
µˆk means that the index µk is omitted,
Bl,s2µ(x1x2x3) ∼
{
λx3µ (x2x1)λ
x1
µ1...µs
(x2x3)
+
1
(l − d− s)
1
x213
[
s∑
k=1
gµµk(x13)λ
x1
µ1...µˆk ...µs
(x2x3)− traces
]}
×
(
x212
)− l+d−s
2
(
x213
)− l−d−s
2
(
x223
) l−d−s
2 . (5.7)
One can check that these functions satisfy the conditions 5.4
∂x3µ C
l,s
1µ(x1x2x3) = 0, for all l, s ≥ 1, (5.8)
Bl,s2µ(x1x2x3) ∼ ∂
x3
µ

λx1µ1...µs(x2x3)(x212)− l+d−s2
(
x223
x213
) l−d−s
2

 . (5.9)
Finally, the functions C l,s2µ and B
l,s
1µ may be derived from the expressions 5.6, 5.7, if
arbitrary coefficients are inserted in front of the second terms in braces to each of
these expressions. Note that for s = 0 no transversal function C1µ exists; each of the
functions C lµ
∣∣∣
s=0
and Blµ
∣∣∣
s=0
has only one term.
For the Green functions 〈Aµ . . .〉 and 〈jµ . . .〉, which are invariant under the new
transformations 4.7 and 4.11, the general equations may now be easily written down.
On account of 5.8,5.9 (for s ≥ 1) one has for the three-point functions:
Bl,sµ (x1x2x3) = 〈Φ
l,s
µ1...µs
(x1)ϕ(x2)Aµ(x3)〉
=
(
δµν −
∂x3µ ∂
x3
ν
✷x3
)
Bl,s1ν (x1x2x3) +B
l,s
2µ(x1x2x3) (5.10)
C l,sµ (x1x2x3) = 〈Φ
l,s
µ1...µs
(x1)ϕ(x2)jµ(x3)〉
= C l,s1µ(x1x2x3) +
∂x3µ ∂
x3
ν
✷x3
C l,s2µ(x1x2x3). (5.11)
For the higher Green functions we obviously get
GAµ (x, . . .) = 〈Aµ(x) . . .〉 =
(
δµν −
∂µ∂ν
✷
)
GA1ν(x, . . .) + ∂
x
µG(x, . . .), (5.12)
Gjµ(x, . . .) = 〈jµ(x) . . .〉 = G
j
1µ(x, . . .) +
∂µ∂ν
✷
Gj2ν(x, . . .). (5.13)
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A remarkable feature of conformal theory is the existence of relations between
Green functions of the current and those of the potential. These relations are caused
by the structure of representations of the conformal group, and are equivalent to
Maxwell equations. Let us discuss it in some detail.
The irreducible representations studied in section 3 are mutually related by equiv-
alence conditions [12,13]
Q˜A ∼ Q
tr
j , Q
long
A ∼ Q˜j . (5.14)
The invariant kernels 3.21 and 3.33 are the kernels of intertwining operators which
relate the fields Aµ and jµ. The first condition 5.14 links the Green functions 5.2,
and the second — the functions 5.3. Using the kernels 3.21, we have:
Gj1µ(x, . . .) =
∫
dy∆trµν(x− y)G
A
1ν(y, . . .), (5.15)
Gj2µ(x, . . .) =
∫
dy∆ǫµν(x− y)G
A,ǫ
2ν (y, . . .)
∣∣∣∣
ǫ=0
, (5.16)
where ∆ǫµν is the kernel 2.17, singular at ǫ = 0, and G
A,ǫ
2ν is a regularized (see below)
longitudinal function 5.4. These relations may be also rewritten with the help of the
kernels 3.33:
GA1µ(x, . . .) =
∫
dy Dǫµν(x− y)G
j,ǫ
1ν(y, . . .)
∣∣∣∣
ǫ=0
, (5.17)
GA2µ(x, . . .) =
∫
dy Dlongµν (x− y)G
A,ǫ
2ν (y, . . .), (5.18)
where Dǫµν is the kernel 3.31, singular at ǫ = 0, and G
j,ǫ
1ν is a regularized (see be-
low) transversal function, which satisfies 5.4. Substituting the explicit expression
for the kernel ∆trµν into Eq.5.15, we get for D = 4 the Maxwell equations for the
Green functions. Hence, the Maxwell equations express the equivalence conditions
for representations of the conformal group [15,16].
As already mentioned, the higher Green functions can be represented in the form
of conformal partial wave expansions. To prove the relations 5.15–5.18, it is sufficient
to demonstrate their validity for the invariant three-point functions
C l,s1µ(x1x2x3) =
∫
dx4∆
tr
µν(x34)B
l,s
1ν (x1x2x4), (5.19)
C l,s2µ(x1x2x3) =
∫
dx4∆
ǫ
µν(x34)B
l,s,ǫ
2ν (x1x2x4)
∣∣∣∣
ǫ=0
, (5.20)
Bl,s1µ(x1x2x3) =
∫
dx4D
ǫ
µν(x34)C
l,s,ǫ
1ν (x1x2x4)
∣∣∣∣
ǫ=0
(5.21)
Bl,s2µ(x1x2x3) =
∫
dx4D
long
µν (x34)C
l,s
2ν (x1x2x4). (5.22)
The calculation of these integrals is reviewed in [1,2,4]. The conformal regularization is
used in 5.20 and 5.21. The regularized expressions may be derived by the substitution
27
of anomalous dimensions lǫj = D−1+ ǫ, l
ǫ
A = 1− ǫ in place of the canonical ones lj =
D−1, lA = 1. For the latter, it is sufficient to introduce the factors (x
2
12)
ǫ/2(x213x
2
23)
−ǫ/2
and (x212)
−ǫ/2(x213x
2
23)
ǫ/2 into the expressions 5.6 and 5.7 correspondingly. Acting
analogously, one can derive the regularized expressions for the higher Green functions:
one just needs to represent them as conformal partial wave expansions in regularized
three-point functions.
Let us remark that the equivalence conditions 5.20 and 5.21 may be rewritten
without making use of regularized functions and kernels. Indeed, it is sufficient to
apply the realization obtained in the previous section. We get instead of 5.20 and 5.21
∂x3µ ∂
x3
ν
✷x3
C l,s2ν (x1x2x3) =
∫
dx4∆
long
µν (x34)B
l,s
2ν (x1x2x4), (5.23)
(
δµν −
∂x3µ ∂
x3
ν
✷x3
)
Bl,s1ν (x1x2x3) =
∫
dx4D
tr
µν(x34)C
l,s
1ν (x1x2x4). (5.24)
Consider the conformally invariant integrals over internal photon (or current) line
∫
dx dy GAµ (x, . . .)∆µν(x− y)G
A
ν (y, . . .) (5.25)
=
∫
dx dy Gjµ(x, . . .)Dµν(x− y)G
j
ν(y, . . .), (5.26)
where GAµ and G
j
µ are the Green functions 5.12, 5.13; ∆µν and Dµν are the kernels 4.15
and 4.14. Such integrals are encountered in conformally invariant skeleton theory, as
well as in exactly solvable D-dimensional models considered in [1–5]. The conformal
invariance of the integrals 5.25, 5.26 is clear from the analysis of section 3. They
represent invariant contractions (A,A) and (j, j), see 3.36 and 3.24. Taking into
account 3.17,3.19 and also 3.28,3.32, the integrals 5.25,5.26 can be rewritten through
the regularized expressions which are conformally invariant in a usual sense, i.e., with
respect to transformations 3.6,3.11:
∫
GAµ∆
j
µνG
A
ν =
∫
dx dy GA1µ(x, . . .)∆
tr
µν(x− y)G
A
1ν(y, . . .)
+
∫
dx dy GA,ǫ2µ (x, . . .)∆
ǫ
µν(x− y)G
A,ǫ
2ν (y, . . .)
∣∣∣∣
ǫ=0
, (5.27)
where ∆trµν and ∆
ǫ
µν are the kernels 3.21, see 3.7 and 2.17, G
A
2µ is longitudinal,
∫
GjµD
A
µνG
j
ν =
∫
dx dy Gj,ǫ1µ(x, . . .)D
ǫ
µν(x− y)G
j,ǫ
1ν(y, . . .)
∣∣∣∣
ǫ=0
+
∫
dx dy Gj2µ(x, . . .)D
long
µν (x− y)G
j
2ν(y, . . .), (5.28)
where Dǫµν and D
long
µν are the kernels 3.33, see 3.31 and 3.8, G
j
1µ is transversal. The
left-hand sides of 5.27 and 5.28 are equal (under the suitable renormalization of the
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propagator DAµν) and may be expressed through invariant kernels non-singular at
ǫ = 0∫
GAµ∆
j
µνG
A
ν =
∫
GjµD
A
µνG
j
ν =∫
dx dy GA1µ(x, . . .)∆
tr
µν(x− y)G
A
1ν(y, . . .) +
∫
dx dy Gj2µ(x, . . .)D
long
µν (x− y)G
j
2ν(y, . . .).
(5.29)
All the conclusions concerning the relations 5.25–5.29 are readily transferred to the
case of invariant functions Bl,s1µ, B
l,s
2µ and C
l,s
1µ, C
l,s
2µ for s ≥ 1.
Consider the fields hµν and Tµν . Identically to the case of the fields Aµ, jµ, the
irreducible representations 3.45 and 3.56 are pairwise equivalent [12,13]:
Q˜h ∼ Q
tr
T , Q
long
h ∼ Q˜T . (5.30)
Accordingly, there are two types of invariant higher Green functions:
Ghµν(x, . . .) = 〈 hµν(x) . . . 〉, G
T
µν(x, . . .) = 〈 Tµν(x) . . . 〉, (5.31)
where the dots stand for any sets of fields. The Green functions of the first type
transform by irreducible representations Q˜h and Q
tr
T
Gh1µν(x, . . .) = 〈 hµν(x) . . . 〉1, G
T
1µν(x, . . .) = 〈 Tµν(x) . . . 〉1, (5.32)
while those of the second type — by representations Qlongh , Q˜T
Gh2µν(x, . . .) = 〈 hµν(x) . . . 〉2, G
T
2µν(x, . . .) = 〈 Tµν(x) . . . 〉2. (5.33)
The function GT1µν is transversal,
∂µG
T
1µν(x, . . .) = 0, (5.34)
while the function Gh2µν is longitudinal
Gh2µν(x, . . .) = ∂µG
h
ν(x, . . .) + ∂µG
h
µ(x, . . .)−
2
D
δµν∂λG
h
λ(x, . . .), (5.35)
where Ghµ(x, . . .) is an invariant function of the vector field hµ(x), see 3.43. For higher
Green functions, which are invariant under the new transformations 4.7 and 4.11, the
general equations may now be written using 5.35,5.36:
Ghµν(x, . . .) = P
tr
µνρσ
(
∂
∂x
)
Gh1ρσ(x, . . .) +G
h
2µν(x, . . .), (5.36)
GTµν(x, . . .) = G
T
1µν(x, . . .) + P
long
µνρσ
(
∂
∂x
)
GT2ρσ(x, . . .), (5.37)
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where P tr and P long are the projection operators 2.36 and 2.34; Gh1,2µν and G
T
1,2µν are
invariant under the old transformations 3.39,3.41.
The Green functions 5.31 may be expanded into infinite sets of invariant three-
point functions
Bl,sµν(x1x2x3) = 〈Φ
l
µ1...µs(x1)ϕ(x2)hµν(x3) 〉, C
l,s
µν(x1x2x3) = 〈Φ
l
µ1...µs(x1)ϕ(x2)Tµν(x3) 〉.
(5.38)
The explicit expressions for these functions may be found in [1,2,5]. Exactly as in the
case of the current, we have two types of functions 5.38 (for s ≥ 2):
Bl,s1µν(x1x2x3), C
l,s
1µν(x1x2x3) and B
l,s
2µν(x1x2x3), C
l,s
2µν(x1x2x3), (5.39)
which correspond to the representations
Q˜h, Q
tr
T and Q
long
h , Q˜T .
Only one type survives when s = 0, 1 [1,2,5], namely, Bl,s2µν and C
l,s
2µν . The function
C l,s1µν is transversal, while B
l,s
2µν is longitudinal, see 5.34,5.35.
Consider the equivalence conditions 5.30. They mutually relate each pair of func-
tions 5.32 and 5.33, as well as three-point functions 5.39. These relations may be
written in terms of kernels 3.46 or 3.42,3.50:
GT1µν(x, . . .) =
∫
dy∆trµνρσ(x− y)G
h
1ρσ(y, . . .) (5.40)
GT2µν(x, . . .) =
∫
dy∆ǫµνρσ(x− y)G
h,ǫ
2ρσ(y, . . .)
∣∣∣∣
ǫ=0
, (5.41)
where ∆trµνρσ is the invariant transversal kernel 3.40, and ∆
ǫ
µνρσ is the kernel 2.32
singular in the ǫ = 0 limit. Let us remind that Gh,ǫ2ρσ is longitudinal for ǫ = 0, see 5.35,
so that the integral 5.41 is finite. The invariant regularization of the function Gh2ρσ is
provided via substitution of anomalous dimension lǫh = −ǫ in place of canonical one
lh = 0, as described above for the case of potential Aµ.
It is shown in [1], see also [17], that the relation 5.40 for D = 4 is equivalent to
the equations of the linear conformal gravity.
The equalities 5.40,5.41 may be inverted and brought to the form
Gh1µν(x, . . .) =
∫
dyDǫµνρσ(x− y)G
T,ǫ
1ρσ(y, . . .)
∣∣∣∣
ǫ=0
(5.42)
Gh2µν(x, . . .) =
∫
dyDlongµνρσ(x− y)G
T
2ρσ(y, . . .), (5.43)
where Dǫµνρσ is the (ǫ = 0)-singular kernel 3.50, and D
long
µνρσ is the longitudinal ker-
nel 3.42. The integral in 5.42 is finite since the function GT,ǫ1ρσ is transversal for ǫ = 0,
and the leading term ∼ 1/ǫ in the expansion of Dǫµνρσ is longitudinal. Note that the
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relations 5.41 and 5.42 may be rewritten using non-singular kernels if the realization
of representations Q˜h and Q˜T from section 4 is utilized.
P longµνρσ
(
∂
∂x
)
GT2ρσ(x, . . .) =
∫
dy∆longµνρσ(x− y)G
h
2ρσ(y, . . .) (5.44)
P trµνρσ
(
∂
∂x
)
Gh1ρσ(x, . . .) =
∫
dy Dtrµνρσ(x− y)G
T
2ρσ(y, . . .), (5.45)
where ∆longµνρσ and D
tr
µνρσ are the finite kernels 2.30 and 3.52.
The invariant three-point functions 5.39 are also related by equivalence condi-
tions. The relations of the type 5.40–5.45 for these functions may be proved by direct
calculations. The technical details of the such calculations may be found in [1], see
also [2,5].
It remains to discuss invariant integrals over internal lines corresponding to the
fields hµν and Tµν . A literal quotation of the arguments concerning the derivation
of equations 5.25–5.29 in the case of the fields Aµ, jµ is sufficient, and will not
be reproduced here. The only relevant comment is that the properties of invari-
ant forms 3.38,3.48,3.59 and the expressions 4.19,4.20 for the propagators 〈hh〉 and
〈TT 〉 are applied in this case.
6 Irreducible Components of the Current and the
Energy-Momentum Tensor
The two types of Green functions for the current were analyzed in the previous section.
These functions correspond to the pair of irreducible representations Qtrj and Q˜j. It
proves helpful to introduce two fields: jtrµ (x) and j˜µ(x). The total Euclidean current
jµ(x) transforms by the irreducible representation Q
tr
j ⊕ Q˜j and may be written as
jµ(x) = j
tr
µ (x) + j˜µ(x). (6.1)
Accordingly, one has a pair of propagators:
〈 jtrµ (x1)j
tr
ν (x2) 〉 and 〈 j˜µ(x1)j˜ν(x2) 〉. (6.2)
All the Green functions 〈jtrµ . . .〉 of the current j
tr are transversal, and its propagator
has the form
∆trµν(x12) = 〈 j
tr
µ (x1)j
tr
ν (x2) 〉 ∼ (δµν✷− ∂µ∂ν)✷
D−4
2 δ(x12). (6.3)
The Green functions of the current j˜µ depend on the choice of realization of the
representation Q˜j . Choosing different representatives in the equivalence class, see
sections 3,4, one can obtain different realizations of the Green functions 〈j˜µ . . .〉. In
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section 4 we have examined a special realization of the representation Q˜j , where the
current j˜µ is longitudinal. The propagator of the current in this realization takes the
form
〈 j˜µ(x1)j˜ν(x2) 〉 = Cj∂µ∂ν✷
D−4
2 δ(x12). (6.4)
Note that the relevant conformal transformations are non-local and may differ from
the transformations of the current jtrµ , see 4.11. The propagator of the total current
equals to the sum of terms 6.3 and 6.4. The other realization of the representation
Q˜j has also been studied; the transformations in that one are local and coincide with
the transformations of the current jtrµ . In the latter realization the propagator of the
current demands a regularization (section 2):
〈j˜µ(x1)j˜ν(x2)〉 = ∆
ǫ
µν(x12) = Cj∂µ∂ν✷
D−4
2 δ(x12)
+ A(ǫ) (δµν✷− ∂µ∂ν)
1
(x212)
D−2+ǫ
+O(ǫ). (6.5)
However this is the equivalence class [jµ] and not the current j˜µ by itself that has
the physical meaning. The framework of conformal theory is constructed in such a
manner that the transformations inside an equivalence class do not effect the values
of the conformally invariant contractions 5.25,5.26. The latter ones may, in partic-
ular, be brought to the form 5.27,5.28 or 5.29. This property of contractions was
discussed in section 3 in connection with the specification of invariant forms in the
spaces of representations Q˜j , Q
long
A , see 3.19 and 3.28. Hence one is free use either
realization: 6.4 or 6.5, depending on what is actually needed. The transversal com-
ponent in 6.5 is divergent at ǫ = 0 and does not contribute to conformally invariant
graphs. However, the realization 6.5 is more convenient for technical purposes, as
demonstrated in [2–5], see [1] for more details.
All the above is also valid for the field Aµ(x), which transforms by the irreducible
representation Q˜A ⊕Q
long
A . Introducing irreducible fields A˜µ(x) and A
long
µ (x), rewrite
the field Aµ(x) as the sum
Aµ(x) = A˜µ(x) + A
long
µ (x). (6.6)
All the Green functions of the field Alongµ are longitudinal. Its propagator has the
form
〈Alongµ (x1)A
long
ν (x2) 〉 = D
long
µν (x12) ∼ ∂µ∂ν ln x
2
12. (6.7)
The Green functions of the field A˜µ depend on the choice of realization of the rep-
resentation Q˜A. Different realizations correspond to different representatives of the
equivalence class [Aµ]. In section 4 we discussed a realization in which the propagator
〈A˜µA˜ν〉 is transversal:
〈 A˜µ(x1)A˜ν(x2) 〉 ∼ (δµν✷− ∂µ∂ν) ln x
2
12. (6.8)
The conformal transformation in this realization are non-local and differ from the
transformations of longitudinal field Alongµ , see 4.4–4.6. Another realization, in which
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the conformal transformations are local and coincide with the transformations of the
field Alongµ , is also studied in section 3. In the latter case, the propagator 〈A˜µA˜ν〉
demands a regularization:
〈 A˜µ(x1)A˜ν(x2) 〉 = D
ǫ
µν(x12) ∼
1
ǫ
(x212)
−1+ǫgµν(x12). (6.9)
Unlike 6.8, it has a longitudinal component which is singular at ǫ = 0 and does not
contribute to conformally invariant graphs, see 5.24,5.28 and 5.29. Technically, the
realization 6.9 is more useful.
Thus, henceforth to the end of this paper we use the realization 6.5 and 6.9. The
equivalence conditions for the representations 5.14 may be written in the form of
operator relations [1]: in the transversal sector
jtrµ (x) =
∫
dy∆trµν(x− y)A˜ν(y), A˜µ(x) =
∫
dyDǫµν(x− y)j
tr,ǫ
ν (y)
∣∣∣∣
ǫ=0
, (6.10)
and in the longitudinal sector
j˜µ(x) =
∫
dy∆ǫµν(x− y)A
long,ǫ
ν (y)
∣∣∣∣
ǫ=0
, Alongµ (x) =
∫
dy Dlongµν (x− y)j˜ν(y). (6.11)
Here the relations between Euclidean quantum fields are considered as a condensed
form of analogous relations for all the Green functions, see 5.15–5.18. The regularized
fields Along,ǫµ and j
td,ǫ
µ signify that the regularization has been introduced to the Green
functions, see section 5. We remind that the equations 6.10 in D = 4 are equivalent
to the Maxwell equations [1].
The physical meaning of expansions of Euclidean fields jµ and Aµ into pairs of
irreducible components may be commented in the following manner. Consider the
Euclidean fields jµ(x) and Tµν(x). The Green functions 〈jµ . . .〉 and 〈Tµν . . .〉 are the
Euclidean analogues of T -ordered vacuum expectation values in Minkowski space.
Here we treat the Euclidean fields jµ(x) and Tµν(x) as the symbolic notation for the
complete sets of Green functions 〈jµ . . .〉 and 〈Tµν . . .〉. Correspondingly, the deriva-
tives of the Euclidean fields ∂µjµ(x) and ∂µTµν(x) denote the derivatives of Green
functions ∂µ〈jµ . . .〉 and ∂µ〈Tµν . . .〉. Calculating these derivatives, one encounters the
two types of terms of different nature. Consider those terms on an example of the
conserved current in Minkowski space. One gets for the propagator of the current:
∂µ〈 0 | T {jµ(x)jν(0)} | 0 〉 = δ(x
0)〈 0 | [j0(x), jν(0)] | 0 〉+ 〈 0 | T {∂µjµ(x)jν(0)} | 0 〉.
The second term vanishes due to the conservation law
∂µj
Mink
µ (x) = 0.
To ensure the covariance of the T -ordered average, one should add quasilocal terms
to the first term of the expression. The form of the total contribution of these terms
and the commutator is imposed by conformal invariance, and reads
∂µ〈 0 | T {jµ(x)jν(0)} | 0 〉 = Cj∂ν✷
D−2
2 δ(x).
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In Euclidean conformal theory, one associates the above pair of contributions with
the irreducible components of the Euclidean current jµ(x), so that
∂µjµ(x) = ∂µj˜µ(x), ∂µj
tr
µ (x) = 0.
In particular, the total propagator of the current may be represented as:
〈jµ(x1)jν(x2)〉 = 〈j˜µ(x1)j˜ν(x2)〉+ 〈j
tr
µ (x1)j
tr
ν (x2)〉,
∂µ〈jµ(x1)jν(x2)〉 = ∂µ〈j˜µ(x1)j˜ν(x2)〉 = Cj∂ν✷
D−2
2 δ(x12),
∂µ〈j
tr
µ (x1)j
tr
ν (x2)〉 = 0.
Thus, the two irreducible components j˜µ and j
tr
µ have different physical meaning, and
hence the different group-theoretic structure.
Only the current jtrµ (x), but not j˜µ(x), induces a non-trivial contribution to the
electromagnetic interaction. The Green functions of the current j˜µ satisfy non-trivial
Ward identities and contain the information on the (postulated) commutation rela-
tions of the total current:
[j0(x), jk(0)]x0=0 , [j0(x), ϕ(0)]x0=0 , . . . .
As shown in [1,2], all the Green functions 〈j˜µ . . .〉 are uniquely determined by the con-
dition of conformal invariance and by the Ward identities. Resultantly, the operator
product expansions j˜µ(x)ϕ(0) have the form [1,2]
˜µ(x)ϕ(0) =
∑
s
[Ps] ,
where Ps are the tensor fields of rank s and dimension d + s. This result does not
depend on the type of interaction and is intrinsically due by conformal symmetry and
the contributions of equal-time commutators. The dynamical models are defined [1,2]
by the definition of commutators [jµ(x), jν(0)]x0=0. In Euclidean version of the the-
ory, this commutator is determined by the type of the operator product expansion
j˜µ(x)j˜ν(0). The expansion j˜µ(x)j˜ν(0) = [Cj] + [Pj ]+ . . . was considered in [1,2], while
in [4] the models with Cj 6= 0, Pj(x) = 0 were examined.
One should remark that since the current j˜µ(x) arises as a representative of an
equivalence class
{
j˜µ
}
⊂ M˜j = Mj/M
tr
j , the transversal parts of the Green functions
〈j˜ . . .〉 may be redefined by performing a different choice of representatives. Partic-
ularly, in the non-local realization of conformal transformations, considered above,
these Green functions are longitudinal. This realization is useful for conformal QED.
However, it is essential that the local realization of conformal transformations of the
current j˜µ, is needed for the analysis of the operator product expansions j˜νϕ and j˜µj˜ν .
In a local realization, the Green functions 〈j˜µ . . .〉 have quite definite transversal parts,
which do not contribute to the electromagnetic interaction since an irreducible compo-
nent j˜µ of the total current only appears in contractions of the type
∫
dx j˜µ(x)A
long
µ (x).
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The interaction with the irreducible field A˜µ is caused by the component j
tr
µ of the
total current, and has the form
∫
dx jtrµ (x)A˜µ(x).
Let us consider the structure of the Hilbert space of conformal theory more com-
prehensively. As shown in [1], see also [2], the two types of conformal currents
j˜µ(x) and j
tr
µ (x) (6.12)
may be associated with the two mutually orthogonal sectors of the Hilbert space
H˜ ⊕H0, (6.13)
where H˜ is generated by the states
j˜µ(x1)ϕ(x2) | 0 〉, j˜µ(x1)j˜ν(x2)ϕ(x3) | 0 〉, . . . , (6.14)
and H0 includes analogous states of the current j
tr
µ (x). The orthogonality of the
spaces H˜ and H0 means the vanishing of the Green functions
〈 jtrµ (x1)j˜ν(x2) 〉 = 0, 〈ϕ(x1)j
tr
µ (x2)j˜ν(x3)ϕ
† 〉 = 0. (6.15)
Due to the equivalence condition 6.10 the subspace H0 contains nothing but electro-
magnetic degrees of freedom. The arising of non-zero current jtrµ necessarily begets the
electromagnetic interaction. If we are engaged in the analysis of non-electromagnetic
interaction, i.e., are interested in the states of subspace H˜, the problem of separation
of the current j˜µ from the total current 6.1 emerges.
The latter leads to the following situation. The conformal symmetry arises as
a non-perturbative effect. The conclusions of conformal theory cannot have any
analogues in perturbation theory. Moreover, the conformal symmetry may occur in a
special class of models, not necessarily lagrangean. Given the structure of the Hilbert
space described above, the original presence of gauge interaction in conformal models
would be the most natural conjecture. Under that, both irreducible components 6.12
contribute to the total current. A “true” conformal theory must include the complete
current 6.1, and hence, due to 6.10, the gauge field A˜µ as well. If one is going
to examine an approximate model without gauge interactions, the solution is to be
looked for in the restricted class of Green functions 〈jµ . . .〉, those corresponding to
the irreducible representation Q˜j . This leads to certain restrictions on higher Green
functions which guarantee the irreducibility:
jµ(x) = j˜µ(x), j
tr
µ (x) = 0 on H˜ . (6.16)
Such restrictions were studied to a fair extent in [1,2], see also [4].
These works deal with the class of non-gauge models in D-dimensional space,
which are analogous to two-dimensional conformal models. The irreducibility condi-
tion for the current 6.16 is written in the following form [1,2,4]∫
dy dz Bl,s1µ(xyz)〈 jµ(z)ϕ(y) . . . 〉 = 0 for all l, s, (6.17)
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where Bl,s1µ are the invariant three-point functions introduced in section 5. A the-
ory supplied with such a condition is non-trivial if the operator product expansion
jµ(x1)jν(x2), where jµ(x) = j˜µ(x) is the irreducible current, includes the anomalous
terms [Cj] and [Pj], see Introduction. The conditions 6.17 allow one to calculate all
the Green functions of the current from anomalous [3] Ward identities.
All the above is easily generalized to the case of the energy-momentum tensor and
the metric field. One introduces a pair of tensor fields
T trµν(x) and T˜µν(x), (6.18)
transforming by irreducible representations QtrT and Q˜T . All the Green functions of
the field T trµν are transversal, and the propagator is given by the expression 3.40.
The Green functions of the field T˜µν solely depend on the choice of realization of the
representation Q˜T . In the non-local realization of the section 4, the propagator 〈T˜ T˜ 〉
has the form 2.30. The total propagator of the field
Tµν(x) = T
tr
µν(x) + T˜µν(x) (6.19)
in this realization reads
〈 Tµν(x1)Tρσ(x2) 〉 = ∆
tr
µνρσ(x12) + ∆
long
µνρσ(x12) (6.20)
and is given by Eq.4.20. In the local realization of the representation Q˜T the propaga-
tor of the field T˜µν is given by the regularized expression 2.32. Identically to the case
of electromagnetic interaction, the conformally invariant graphs do not depend on the
choice of realization of the representation Q˜T . This is obvious from the inspection of
invariant forms on the spaces of representations Q˜T , Q
long
h , see section 3. (The choice
of representatives in the equivalence classes [Tµν ] and [hµν ] does not alter the values
of the forms.) Analogously, the metric tensor
hµν(x) = h˜µν(x) + h
long
µν (x) (6.21)
also transforms by the reducible representation Q˜h ⊕ Q
long
h . The propagator of the
irreducible field hlongµν is longitudinal, see 3.42, while the propagator of the field h˜µν
has a transversal part. In the realization of section 4 the total propagator of the field
hµν is given by the expression, see ‘4.19
〈 hµν(x1)hρσ(x2) 〉 = D
tr
µνρσ(x12) +D
long
µνρσ(x12). (6.22)
In the local realization of the representation Q˜h the propagator of the field h˜µν is
given by the regularized expression 3.50.
Consider the equivalence conditions for the representations 5.30. In the operator
notation they read:
T trµν(x) =
∫
dy∆trµνρσ(x− y)h˜ρσ(y), h˜µν(x) =
∫
dyDǫµνρσ(x− y)T
tr,ǫ
ρσ (y)
∣∣∣∣
ǫ=0
,(6.23)
T˜µν(x) =
∫
dy∆ǫµνρσ(x− y)h
long,ǫ
ρσ (y)
∣∣∣∣
ǫ=0
, hlongµν (x) =
∫
dy Dlongµνρσ(x− y)T˜ρσ(y).
(6.24)
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The kernels ∆trµνρσ and D
ǫ
µνρσ are given by the expressions (3.40) and (3.50), while
the kernels ∆ǫµνρσ and D
long
µνρσ — by the expressions (2.30) and (3.42).
The regularization of the fields T trρσ and h
long
ρσ means the regularization of the
Green functions, see section 5. Let us remind that when D = 4, the equations 6.23
are equivalent to the equations of linear conformal gravity.
The states of the Hilbert space generated by the fields 6.18 also form a pair of
orthogonal subspaces H0 and H˜. Due to the equivalence conditions 6.23 the subspace
H0 contains solely gravitational degrees of freedom. The field T
tr
µν necessarily begets
a gravitational interaction. Recalling the arguments presented above, we conclude
that the theory without gravitational interaction must include the irreducible tensor
T˜µν only, and satisfy the condition
Tµν(x) = T˜µν(x), T
tr
µν(x) = 0 on H˜ . (6.25)
As shown in [1,2], see also [5], these conditions may be set up as the following condi-
tions on higher Green functions∫
dy dz Bl,s1µν(xyz)〈 Tµν(z)ϕ(y) . . . 〉 = 0 for all l, s, (6.26)
where Bl,s1µν are the invariant functions discussed in section 5. A theory supplied
with such a condition is non-trivial if the operator product expansion Tµν(x1)Tρσ(x2),
where Tµν(x) = T˜µν(x) is the irreducible field, includes the anomalous terms [CT ] and
[PT ], see Introduction.
Thus the Green functions of the irreducible fields
〈 j˜µϕ . . . 〉, 〈 T˜µνϕ . . . 〉
satisfy the conditions 6.17 and 6.26, and are uniquely determined by anomalous
Ward identities for any space dimension (either even or odd [1,2,5]). Such a theory
acquires analogues of null-vectors, each defining an exactly solvable model [1,2,4,5].
Note that the current and the energy-momentum tensor of two-dimensional theory
are analogous to the fields j˜µ and T˜µν , while the fields j
tr
µ and T
tr
µν have no analogues
when D = 2. The propagator of the energy-momentum tensor in D = 2 has the
form 1.7. Using the identity 1.6 one can bring the propagator to the form which
follows from 2.30,2.31 in D = 2:
〈Tµν(x1)Tρσ(x2)|D=2 = ∂µ∆νρσ(x12) + ∂ν∆µρσ(x12)− δµν∂λ∆λρσ(x12),
where
∆µρσ|D=2 ∼ [4∂µ∂ρ∂σ − (δµρ∂σ + δµσ∂ρ)✷− δρσ∂µ✷] ln x
2.
Therefore an irreducible representation (of the 6-parametric conformal group in D =
2) corresponding to it, is analogous to the representation Q˜ in D-dimensional theory.
The theory defined by the conditions 6.25 and 6.26 is a natural candidate to the
generalization of two-dimensional conformal theory.
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